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SOME TRANSFINITE NATURAL SUMS 


PAOLO LIPPARINI 

Abstract. We study a transfinite iteration of the ordinal Hes- 
senberg natural sum obtained by taking suprema at limit stages 
and show that such an iterated natural sum differs from the more 
usual transfinite ordinal sum only for a finite number of iteration 
steps. The iterated natural sum of a sequence of ordinals can 
be obtained as a “mixed sum” (in an order-theoretical sense) of 
the ordinals in the sequence; in fact, it is the largest mixed sum 
which satisfies a finiteness condition, relative to the ordering of 
the sequence. We introduce other infinite natural sums which are 
invariant under permutations and show that they all coincide in 
the countable case. Finally, in the last section we use the above 
infinitary natural sums in order to provide a definition of size for 
a well-founded tree, together with an order-theoretical character¬ 
ization in the countable case. The proof of this order-theoretical 
characterization is mostly independent from the rest of this paper. 


1. Introduction 

The (Hessenberg) natural sum a # /3 of two ordinals a and 13 can be 
defined by expressing a and (3 in Cantor normal form and snmming 
linearly. Further details shall be given below. In contrast with the 
more usual ordinal sum, the resulting natural operation # is commu¬ 
tative, associative and cancellative. The dehnition can be obviously 
extended to deal with a hnite sum of ordinals; otherwise, using the fact 
that the binary operation # is commutative and associative, we get no 
ambiguity in dehning the natural sum of a hnite sequence of ordinals. 

An inhnitary version of the natural sum has appeared in Wang 
and Vaananen and Wang jvw] in the countable case and we have 
extensively studied it in ini. in particular, providing some order- 
theoretical characterization. 

Here we extend the above countable natural sum to the transhnite. 
Expanding on the countable case, we take suprema at limit stages 
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and the natural sum at successor steps. There are similarities with the 
countable case: the transhnitely iterated natural sum can be computed 
in a way similar to the more usual transfinite ordinal sum, except just 
for a hnite number of steps, in which we should take the hnite natural 
sum in place of the ordinal sum. Moreover, in the same spirit of im, 
the iterated natural sum has an order-theoretical characterization: it 
is the largest mixed sum which satisfies a hniteness condition. 

On the other hand, in the uncountable case, the iterated natural 
sum turns out to be not invariant under permutations. In particular, 
the above mentioned order theoretical characterization depends on the 
ordering of the ordinals in the sequence. Some possible dehnitions of 
invariant inhnitary operations will be given in Section [5l Signihcantly, 
all these operations coincide in the case of cj-indexed sequences of ordi¬ 
nals; this fact is not completely trivial, indeed the corresponding result 
would be false in the case of inhnitary operations associated with the 
more usual ordinal sum. 

Finally, we use the above inhnitary natural sums in order to provide 
some dehnitions of size for well-founded trees, together with an order- 
theoretical characterization in the countable case. This is presented in 
Section [Hi For the most part. Section [H] can be read independently from 
the rest of this paper; some familiarity with im is sufficient. 

As a hnal comment, it should be mentioned that, quite remarkably, 
the special case of the iterated natural sum in which all summands are 
equal has been introduced more than a century ago by Jacobsthal [Ji] 
in 1909. See Altman m for further details, references and general¬ 
izations. To the best of our knowledge, the general case of arbitrary 
summands has never been considered before |VWl IW] , but it should be 
mentioned that the literature on the subject is so vast that a thorough 
check is virtually impossible. 


2. Preliminaries 

Recall that every nonzero ordinal a can be expressed in Cantor nor¬ 
mal form in a unique way as follows. 

a = u^’^rk + + • • • + -I- Ci;^°ro 

for some integers k ^ 0, r^,..., ro > 0 and ordinals fk > ■Cfc-i > 
■ • ■ > 'Cl > ^ 0 - The ordinal 0 can be considered as an “empty” sum. 
Here sums, products and exponentiations are always considered in the 
ordinal sense. 
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Definition 2.1. The natural sum a # /3 of two ordinals a and jS is the 
only operation satisfying 

a ^ 13 = + Sk) + ■ ■ ■ + + si) + a;^°(ro + Sq) 

whenever 

a = oj^'^rk + • • • + u^^Ti + 

13 = uj^’^Sk + • • • + + C(;^°So 

and k,rk,... ,ro,Sk,... ,so < u, ^k > ■ ■ ■ > Cl > Co- 

The dehnition is justihed by the fact that we can represent every 
nonzero a and (3 in Cantor normal form and then insert some more 
null coefficients for convenience in order to make the indices match. 
The null coefficients do not affect a and /3, hence the dehnition is 
well-posed. See, e. g., Bachmann [B] and Sierpihski |Sier2] for further 
details. 

Let a and ri be ordinals, and express a in Cantor normal form as 
bj^^Tk -!-•■■ + u^°ro. The ordinal in words, a truncated at the 
exponent of u, is -t- • • • -I- where £ is the smallest index such 

that Cl ^ V- We set = 0 in case that a < uj^. 

Proposition 2.2. Let a, (3, 7 , rj be ordinals and r < u. 

(1) The operation # is commutative, associative, both left and right 
cancellative and strictly monotone in both arguments. 

( 2 ) suplo, /3}<a-l-/5^a#/5. 

(3) If (3 < , then a ^ /3 < a + uj^. 

(4) If a ^ (3 ^ oj'^r, then there are ri,r 2 < u such that ri -t- r 2 = r, 
a ^ and (3 ^ u'^r 2 . 

(5) a + j3 = + (3 = ^ j3, where p is the leading exponent in the 

Cantor normal expression of (3. 

( 6 ) (a -L ,d) # 7 ^ a -L (/9 # 7 ). 

( 7 ) a # (/? -L 7 ) ^ (a # /3) -L 7 . 

Proof. Everything follows easily by expressing the relevant ordinals in 
Cantor normal form and applying the dehnitions. See EE ier 2 j for 
details. A proof of ([3]) can be found in m Proposition 2.2(4)]. 

In order to prove dH), express both a and /3 in Cantor normal form. If 
the largest power of u in the expression of, say, a is > 7 , then a ^ uPr 
and we are done, taking r 2 = 0. The same holds for f3. Otherwise, 
a = oj^s -I- ... and (3 = u^t + ... (possibly, s = 0 or t = 0). By the 
dehnition of a # /3, and since a # /3 ^ u^r, we get s + t ^ r, hence we 
can hnd ri and r 2 as desired. 
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(j5i) When computing a + /3, all the summands < in the Cantor 
normal expression of a are absorbed by the leading term of the normal 
expression of (3. 

(J 6 |) By ([5]) and associativity of #, we get (a + /?) # 7 = # /3 # 7, 

where rj is the leading exponent in the normal expression of f3. In the 
same way, a + (/I # 7) = a # /I # 7, where ^ is the leading exponent in 
the normal expression of /3 # 7. Now trivially 7 < hence ^ 
from which ([ 2 ]) follows. 

(7) By (jS]) and associativity of #, we get a # (/I + 7) = a # # 7, 

where rj is the leading exponent in the normal expression of 7. On the 
other hand, (a # /I) + 7 = (a # # 7 = # 7, thus the 

inequality follows from monotonicity of #. □ 


3. A TRANSFINITE ITERATION OF THE NATURAL SUM 


Definition and notations. A countable iteration of the natural sum 
has been considered in Vaananen and Wang jVWj . by taking the supre- 
mum at the limit stage. This countable operation has been extensively 
studied in im. The construction can be iterated without special ad¬ 
justments through the transhnite. 


Definition 3.1. If ic('y)'y<e IS & sequeuce of ordinals, we dehne the 
iterated natural sum every h < e, inductively as follows. 


# 


(1) 


= 0 


7<0 



# 

/ # \ 

(2) 


= ( ^ 0^7 ) # «<5 


7<<5+1 

\7«5 / 


# 

# 

(3) 

7<5 

= sup Y for b limit 

Clearly, 

as far as e ^ 5 

, the dehnition of YY^<& “7 


does not depend 

on e. Moreover, it does not depend on the values assumed by the a.^’s, 
for 7 ^ 5 . This shows that there is no ambiguity in the notation. 


In the particular case when 5 = u, the operation been 

considered in [VWj under the same notation and studied in |Llj under 
the notation a^. We are using here a different notation since we 

want to reserve the symbol ^ for some operation which is invariant 
under permutations. In fact, if h = ta, then is invariant while, if 
6 > CO, then YY^ is not invariant. See Section [5] for further details; 
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there we shall also introduce some related operations which are indeed 
invariant under permutations. 

Notation 3.2. If the sequence of the Q;.y’s in Dehnition l3.1l is understood, 
we shall sometimes simply write Ss in place of Xi 7<5 ^ cases, 

we shall also need a shorthand for the partial sums of the usual iterated 
ordinal sum This will be abbreviated as Sf. I. e., in the 

recursive dehnition of Sf, we use = Sf + as in place of equation 
(E]) above. 

As an additional shorthand, particularly useful to simplify notations 
in proofs, for 6' < 6, we let S[s', 5 ) denote similarly, 

^[S' 5 ) ^ Ij 5 '^ 7<5 '^ 7 - usual, the notation XiV^ 7<5 “7 is justihed by 
the fact that, if 6' < 6, then there is a unique ordinal e such that 
6 ' + e = 6 , and then the formal dehnition of XiVs; 7<(5 i® 2^<e 
All this is standard; see the mentioned books m ISier2j for further 
details, e. g., in the case of the ordinary transhnite sum. 

Some preliminary lemmas. Throughout the present subsection we 
hx a sequence (Q! 7 ) 7 <e of ordinals, where e is some sufficiently large 
ordinal. 

Proposition 3 . 3 . Let 6 , a^, ('y < 6 ) be ordinals. Then the following 

statements hold. 

(V 27<5 *^7 ^ *^7 

( 2 ) If 13 ^ ^ a^, for every 7 < then Y,*<s ^ "7 

( 3 ) If S' < 5 , then Xi7<v *^7 ^ I]7<(S*^7? ^Quality holds if and only if 
a.y = 0, for every 7 with S' ^ j < S. 

(f) If {af[s))e<S' is the subsequence of {ay).ycs consisting exactly of the 
nonzero elements of the sequence, then ^ ljf<V '^/(e) ■ 

( 5 ) If S" < S, k is finite and S" < 70, 71,..., ^k-i < S, then ^ 

^27<(5" ®7^ ^ ®7o ^ O 7 J =|f . . . tf ■ 

Proof. (l)-(3) are immediate from Proposition 12.21 and Dehnition 13.11 

(4) is proved by induction on S, using (3). 

In order to prove (5), let (a!!^) 7<5 be the sequence obtained from 
{ci'y)'y<s, by changing to 0 all elements except for those elements which 
either have index < S" or have index in the set {70,... ,'yk-i}- Then, 
by (2), and applying (4) to the sequence {a'f)^<^s-, we get ^ 

"7 = 2 f< 5 ' "/h) = "7) # 0^70 + «7i + • • • + «7fc-i> where S' 

is given by (4), we iterate clause ([2]) in Dehnition 13.11 a hnite number 
of times, and we are using the fact that S' = S" + k. □ 
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Lemma 3.4. Suppose that 6' ^ 6. Then 

# # # # # 

7<y y^7<(5 7<5 7<(5' 5'^7<5 

Proof. The proof is obtained by leaving 6' fixed and performing an in¬ 
duction on h ^ S', using Proposition 12.21 Notice that, in the shorthand 
introduced in 13.21 the conclusion of the lemma reads Ss> # S[s',s) ^ Ss ^ 
Ss' + <S'[V,<5)- 

We hrst prove the left-hand inequality. If h = S', then S[s', 5 ) is an 
empty sum with value 0 and the result is trivial. 

If h is successor, say, S = S" + 1, then, by the inductive hypothesis, 
Ss' # 5 '[y, 5 //) ^ Ss'i. Then, by dehnition, S 51 # S[ 5 t^s) = Ss> # {S[s',s") # 
as'/) = (S'y # < 5 '[ 5 /^ 5 //)) # as" ^ Ss" # cts'> = Ss, by associativity I 2 . 2 f lb 
If S is limit, then, by Proposition l3.3f 3) and the inductive hypothesis, 
Ss' # S[s'^ 5 ) ^ Ss' # S[s', 5 *) ^ Ss*, for every S* with S' ^ S* < S. Hence 
Ss' # S[s'^s) ^ sup 5*<5 5'5* = S 5 . 

Now let us prove the right-hand inequality. Again, this is trivial if 

S = S'. 

If S is successor, say, S = S" + 1, then, by the inductive hypothesis, 
Ss" ^ Ss' + < 5 '[ 5 /^y/). Then, by dehnition and using Proposition 12.211^ . 
Ss = Ss’i^as" ^ (*S'y- 1 - 5 '[ 5 /_ 5 //))# 05 // ^ 5'^/-f (S'[ 5 /_ 5 //)# 05 /') = Ss' + S[s',s)- 
If S is limit, then, by Proposition l3.3f 3l and the inductive hypothesis, 
Ss ^ Ss* ^ Ss' + S[s',s*), for every h* with S' ^ S* < S. Hence 
Ss ^ SUP 5 *< 5 ( 5 ' 5 / -I- = Ss' + sup ^*<5 = Ss' + <S'[ 5 /, 5 ), by 

right continuity of -t-. □ 

Remark 3.5. Notice that the inequalities in Lemma [33] might be strict. 
For example, taking S = uj. S' = 1 and = 1, for every 7 < a;, we 
get 1 # «7 = t<; + l><^ = *^ 7 , showing that the left-hand 

inequality might be strict. 

On the other hand, take S = 2, S' = 1, = 1 and cki = u, getting 

'^<5 Oi.y = l^u: = u: + l>u: = l + uj = l + 3f^7<5 

Lemma 3.6. If n < co and ^ then ^ oj^n. 

Proof. By induction on ordinals l of the form u^n. 

The lemma is trivial if t is either 0 or 1. 

Suppose that l = oj^n > 1, and that the lemma is true for all l' < l 
of the form n'. Suppose by contradiction that the lemma is false 
for L, and choose a counterexample for which S is minimal. Recalling 
the notation from 13.21 we are assuming that Ss ^ uj^n, but Sf < u^n, 
and that S is minimal with the above properties. Then Ss' < oj^n, for 
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every 5' < 6, since, otherwise, Ss' ^ u^n, and either S' would give a 
counterexample, contradicting the minimality of 6, or Sf ^ Sf, ^ oj^n, 
contradicting the assumption that S gives a counterexample. 

Towards a contradiction, we shall exclude all the possibilities for S. 
Necessarily, 5 > 0, since i > 0. 

We shall now exclude the case when S is successor. Suppose that 
S = e + 1. Since, by dehnition, S'g # «£ = ^ cj^n, we get by 

Proposition I2.2IH1) that there are rii and n 2 such that rii + n 2 = n 
and S'e ^ ^ uj^n 2 . Since we know that Ss' < cj^n, for every 

S' < S, we have < u^n, so that rii < n, hence we can apply the 
inductive hypothesis with l' = getting S'^ ^ Then Sf = 

S'^ + oj^ni + uj^n 2 = u^n, a contradiction. Thus we cannot get a 
counterexample at S successor. 

The remaining case is when S is limit. The argument shall be split 
into two cases. First assume that n = 1, that is, i = > 1. Then 

L = sup^/<^ l', with, as above, the l's varying on ordinals of the form 

n'. Since Ss ^ > i', for every l' < i, we can apply the inductive 

hypothesis, getting Sf ^ i', for every l' < l, hence Sf ^ sup^/<^ l' = 
L = uf contradicting the assumption that S gives a counterexample to 
the statement of the lemma. 

The only case left is when S is limit and l = uj^n, for some n > 1. We 
know that Ss' < u^n, for every S' < S. But also supy^^ Ss' = Ss ^ u^n, 
hence there is some S' < S such that S'y ^ a;^(n — 1). Fix some 
S' satisfying the above inequality. By Lemma 13.41 Ss' # ^ Ss- 

Since Ss ^ oj^n and Ss' < oj^n, we necessarily get 5 '[ 5 /, 5 ) ^ by 
Proposition 12.2lflT|) . We can now apply the inductive hypothesis twice, 
getting Sf ^ u^{n — 1) from Ss' ^ u^{n — 1) and •S'p/^ from 
S[ 5 \s) ^ since n > 1, hence < u^n = i. Then Sf = Sf,+ Fp, ^ 
— 1) + = oj^n. Again, this contradicts the assumption that h 

gives a counterexample. 

We have showed that the lemma holds for i, assuming that it holds 
for every i' < i of the form u^n. By induction, the lemma holds for 
every l of the form u^n. □ 


The sums differ only for a finite number of inductive steps. If 

a > 0 is an ordinal expressed in Cantor normal form as ct = uj^*=rk + 

■ ■ ■ + a;^°ro (hence tq > 0 ), we call .^0 the smallest exponent of a. 

Theorem 3 . 7 . Suppose that Q is a limit ordinal, is a sequence 

of ordinals which are not eventually zero, and let ^ be the smallest 
exponent of (the non zero ordinal) 
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Then there 

is 'y < ( such 

that, for every e ^ 

7 


# 



( 4 ) 

^-y 

= ^ = oj^ 

and 


£=S7<C 

£=S7<C 



# 

# 


( 5 ) 


= a..), -1- 



7<C 

')<£ 


Proof. Let 

= y# Q, = 
Zj7<C '-‘7 

oj^’^rk -1- • • • -f oj^r 

be expressed in Cantor 


normal form. Let £ < C- Since the sequence is not eventually 

zero, then Ss < S(^, by Proposition I3.3l 3h hence Ss + u^ < Sq, express¬ 
ing S'g in Cantor normal form and using Proposition I2.2fl5l) . Since, 
by Lemma 13^ < S'g # we get S[sx) ^ <^^5 by Proposition 

O© with a = and jS = (were < u^, we would get 

S'( < S'e # < Ss + OJ^ ^ St^, a contradiction). By Lemma 13161 also 

Sfl () ^ Ab this holds for every e < C- 

On the other hand, since C is limit, thus S(^ = sup^^^ S^, and since 
r > 0 , then there is some 7 < C such that ^ oo^'^rk -f • • • -I- a;^(r — 1 ). 
Then ^ ^ -1- • • • -t-a;^(r — 1), for every £ such that C, > £ ^ j. 

By Lemma 13.41 and the previous paragraph we get that if C > e ^ 7 , 
then a;^'=rfc + - • ■+u}^r = ^ Ss + S[s,q ^ u}^'"rk + - ■ •+a;^(r — 1 )-I-S'[e^^) ^ 

oj^'^rk + ■ • • -f u^r, hence all are equal, and we obtain at once 
(e. g., by Proposition 12.21l5|) ). as well as (©. Hence, recalling the above 
paragraph, we get also ^ *^[£0 ^ ^ ^bus the proof of (jlj) 

is complete. □ 

We can introduce intermediate variants between Xi 7 <c <^7 Xi 7 <f ^7 
by taking the natural sum at certain successor stages and the usual or¬ 
dinal sum at the remaining successor stages. As a simple consequence 
of Theorem 13.71 we will get in Corollarv l3.11l below that Xi 7 <c *^7 be 
computed by taking natural sums at just a hnite number of stages. In 
more details, we are dealing with the notion introduced in the following 
dehnition. 

Definition 3.8. Suppose that ( is an ordinal, (a.y).y<^ is a sequence 
of ordinals, and G is a set of ordinals. For every <5 ^ C, we dehne the 
partial natural sura (relative to G) inductively as follows. 

G 

a..y = 0 

7<0 
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= 


I ^ I # Q!^ if 5 e G 


G 

E 

7<(5+1 \7<5 

Q;7 = [ ^ *^7 ) + ®<5 if 5 ^ G 

7 < 5+1 \ 7<5 / 

G G 

^ = sup ^ for 6 limit 

7<(5 ^ 7<(5^ 


Notice that, in particular, if G ^ 5, then while 

if G n 5 = 0, then X !^<5 ^7 = Z! 7<5 « 7 - 

Of course, the dehnition of Xi 7<5 ^7 depends only on Grnf, that is, we 
could have assumed that G c 7 However, since we shall have frequent 
occasion to deal with partial sums, it will be notationally convenient 
to take G as an arbitrary set of ordinals. 


As custom by now, let abbreviate 27 <£ *^75 similarly when 
considering other sets of ordinals in place of G. Also has the usual 
meaning, that is, = 'llf'<£^s+eG where e is the only 

ordinal such that 5 + 6 = 7 e' e hf if and only if 5 + e' e G. 


Lemma 3.9. Under the assumptions in Definition \3.^ if 6 ^ C, then 

G G G G G 

7<(5 (5^7<(^ 7<C 7<<5 (5^7<<^ 

Proof. Similar to the proof of Lemma 13.41 At certain points in the 
successor induction step one needs Proposition I2.2f 7h □ 


As a consequence of Theorem 13.71 we get a way for computing 
'’^<c, ®7 when (f is limit. 


Corollary 3.10. Under the assumptions in Theorem \3. 7| and if G c 7 
there is ^ ( such that, for every 6 ^ 7 , 


G 


7<C 7<£ 


Proof. Let 7 be given by Theorem 13.71 First, using the case 6 = 7 in 
equation (jl]) in Theorem 13.71 compute oj^ = ^ ^ = u^, 

hence Using Lemma 13^ we get ^ = 

+ u^. To prove the reverse inequality, notice that, since 
is not eventually zero, we have that < ‘^[^0 = every 
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e such that j ^ e < (. Then < S'? # S'^?^) < S'? + for 

e with 7 < e < (■, by Lemma 13.91 and Proposition I2.2ll3l) . Hence 
= sup,<^ S'f < S'G + cn? □ 


Corollary 3.11. Suppose that ( is an ordinal and (a 7 ) 7 <(^ is a sequence 

of ordinals. Then the following hold. 

(1) There is a finite set F (depending on the sequence) such that F ( 
and O 7 27 <(^ CI 7 . 

(2) More generally, we can choose a finite F C, in such a way that 

Ij 7 <C ^'1 ^ 0 ^ 7 ; whenever G, H are sets of ordinals such that 

G n F = H F. 

(3) In particular, for every set G of ordinals, there is some finite H ( 

such that 2 ] 7 <f CI 7 = ® 7 - Letting G vary among all subsets of 

C, we get only a finite number of values for I] 7 <f 


Proof. We hrst notice that (3) follow from (2): just take H = G Ci F, 
where F is given by (2). Moreover, the set {G n F | G c (^} is hnite. 

We shall prove (1) and (2) by induction on (. 

The result is trivial when C = 0- The step from to ^ + 1 is trivial, 
too: if F works for C, then surely F u {C} works for C + 1- 

Hence let us assume that ( is limit. If the sequence (a 7 ) 7 <(; is con¬ 
stantly zero from some point on, say 0:7 = 0 for 7 ^ then we 
can apply the inductive hypothesis for getting some F working for 
(a 7 ) 7 <f'. But then trivially F works for the original sequence (a 7 ) 7 «;, 
too. Hence we can suppose that (Q; 7 ) 7 <f is not eventually zero and ap¬ 
ply Theorem 13.71 getting some 7 for which equations (jl]) and ([5]) there 
holds. 

Now (1) is easy. By the inductive hypothesis, there is some hnite 
F c 7 such that = SL. Then equations (jS]) and (jH) with 5 = 7 give 
= SL + Q = S^, where the last identity is proved by 
induction on with 7 < ^ C; and where the successor step uses the 

assumption F c 7 ^ and the limit step uses (right) continuity of -f at 
limits. 

To prove (2), use again the inductive hypothesis to get some hnite 
F c 7 such that S'? = S'?, whenever G n F = H nF. We claim that F 
works for (f, too, that is, , whenever G n F = H n F. Indeed, 

by Corollary 13.101 + uj^, for every G ^ ( (notice that in 

Corollary 13.101 we can choose the same 7 as the one given by Theorem 
13.71) . This is enough, since if G n F = F n F, then, by the inductive 
assumption S? = S?, and then = SL + = S'? -I- . □ 
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4. Various kinds of mixed sums 

Definition 4.1. If {ai)iei is a sequence of ordinals, we say that an 
ordinal (3 is a . mixed sum of (Q!j)jg/ if there are pairwise disjoint subsets 
{Ai)isi of fd such that Ai = j3 and, for every i e I, Ai has order 
type ctj, with respect to the order induced on Ai by j3. 

In the above situation, we say that /? is a mixed sum of {ai)iei re¬ 
alized by (v4j)jg/, or simply that /3 is realized by (Aj)jg/ (notice that 
the Oj’s can be retrieved from the Aj’s, hence the terminology is not 
ambiguous). 

Given a realization {Ai)i^i and z e /, we say that Ai is convex (in the 
realization {Ai)isi) if (a, a')^ = {/?' < /3 | a < /?' < a'} c Af, for every 
a a' E Aj. 

Carr nth ra. in different terminology, showed that ai # 02 is the 
largest mixed sum of cti and q; 2 - In general, when / is infinite, there is 
no largest mixed sum of a sequence of ordinals; see the comment after 
Theorem 4.2 in di. Hence Carruth theorem can be generalized only if 
one restricts to mixed sums satisfying particular properties. This has 
been done in dl in the case of mixed sums related to the countably 
infinite natural sum. We shall treat here the case of arbitrary iterated 
natural sums, a case which is slightly more involved. 

Theorem 4.2. Suppose that ( is an ordinal, is a sequence of 

ordinals and G Put (3 = Xi 7 <fW- Then (3 is a mixed sum of 

Moreover, (3 can he realized by in such a way that 

(1) For every e < (, the set Tg = {7 < (^ | 7 > e and b < a, for some b e 
A^ and a e A^} is finite, and 

(2) all but a finite number of the A^ ’s are convex in the realization. 

Corollary 4.3. In particular, Xi 7 <f <^7 *■5 ® mixed sum of {a^).yc,^ and 
it can be realized in such a way that (1) and (2) above hold. Moreover, 
“7 largest mixed sum of (a 7 ) 7 <( that can be realized in such 

a way that the following condition (weaker than (1) above) is satisfied. 

(3) For every e < ( and a e A^, the set {7 < C | 7 > e and b < 
a, for some b e A^} is finite. 

In particular, largest mixed sum of that 

can be realized in such a way that both (1) and (2) hold. 

Before we can prove Theorem 14.21 and Corollary 14.31 we need to in¬ 
troduce some auxiliary definitions. These will be needed in order to 
state a stronger version of condition (2) above. The stronger condition 
will make the inductive proof easier. 
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Definition 4.4. Suppose that h > 0 is an ordinal. Express 6 in Cantor 
normal form as 6 = u)^'°rk + + • • • + u^^ri + We say that 

a subset S of 5 is a block of 6 ii B has the form [/^i, (32) = \ Pi ^ 

P' < P 2 ]i for some Pi and P 2 of the form Pi = + ■ ■ ■ + and 

P 2 = + ■ ■ ■ + uj^^{s + 1), where actually appears in the normal 

expression of 5 and s + 1 ^ (we allow s = 0, and we allow i = k, 
thus Pi is allowed to be 0). Notice that a block has order type for 
some f (the block in the previous statement has order type u^^). 

Essentially, in the above terminology, the Cantor normal form of 6 
provides the way of realizing 5 as a finite sequence of blocks, one put 
after the other in decreasing order with respect to length (here and 
below, decreasing is intended in the broader sense, not necessarily in 
the sense of strictly decreasing). 

Definition 4.5. Suppose that P is a mixed sum of ai and 02 , realized 
by Ai, A 2 . By a slight abuse of terminology, we call B Ai a bloek 
of Ai if B is the image of some block of ai under the order preserving 
bijection (recall that, by definition, Ai has order type ai), and the 
same for B c A 2 . Notice that a block of Ai is not necessarily also a 
block of P (see below for details). 

We say that the realization Ai, A 2 is pure if, given a block Bi of Ai 
and a block B 2 of A 2 , either all elements of Bi precede all elements 
of B 2 , or conversely. In other words, a realization is pure if all blocks 
from Ai and all blocks from yl 2 are convex subsets oi P = Ai u A 2 . 

We say that P is a pure mixed sum of ai and q ;2 if h has some pure 
realization. 

What will be relevant here is that if /3 = cti # Q !2 5 then P has a pure 
realization. This is the standard way to show that ai # a !2 is a mixed 
sum of tti and a 2 '- just take all the blocks from both ai and a !2 and 
“put them together” ordered by decreasing length. In this case, the 
blocks of P are exactly the (images of the) blocks of ai and of a! 2 - 

Notice that not every mixed sum is pure. For example, a; is a mixed 
sum oi ai = u and q ;2 = but the only pure mixed sum of ai and 
a 2 is u + u. Notice also that, for every ai and a 2 , both ai + a 2 and 
a 2 + Oil are pure mixed sums of ai and a! 2 - This shows that if Ai, A 2 
is a pure realization of some P, it is not necessarily the case that every 
block of Ai (or of ^ 12 ) is also a block of p. For example, if ai = 1, 
a 2 = oj and P = ai + a 2 = u, we get the only pure realization of P by 
putting all the elements of 0:2 after the element of ai. In this example, 
P is a single block, which is the union of a block from ai and a block 
from a 2 - 
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On the other hand, we do have that, in a pure realization, each block 
of the components is a subset of some block of the mixed sum. 


Lemma 4.6. Suppose that Ai, A 2 is a pure realization of (3. Then 
each block of Ai is contained in some block of {3, and similarly each 
block of A 2 is contained in some block of 13. 


Proof. Indeed, suppose that Bi is a block of Ai and, say, Bi has type 
There are two cases. Either Bi precedes some block from A 2 of 
type a;’^, for some p > f, or all blocks from A 2 which are after Bi 
have type < u^. We can speak of ordering between blocks since the 
realization is pure. 

In the hrst case, let B 2 be the hrst block from A 2 which lies after Bi. 
Notice that, by dehnition, all blocks of A 2 are disposed in decreasing 
length, hence if some block of A 2 after Bi is strictly longer than Bi, this 
is also true for the hrst block of A 2 after Bi. Hence B 2 has type, say, 
uj^ > oj^. Then Bi is “absorbed” by B 2 , that is, they he in the same 
block of f3 (if there are further blocks of Ai between Bi and B 2 , they 
are either as long as or shorter than Bi, hence they, too, are absorbed 
by B 2 ). 

By the same reason, in the second case, Bi is contained in a block of 
/9, since all blocks after i?i, either from Ai or from A 2 are shorter than 
or as long as Bi (Bi might absorb some block of A 2 which lies before 
it, hence Bi is not necessarily a block of /3). 

A symmetrical argument works for each block of A 2 , thus the lemma 
is proved. □ 

Probably the notion of a pure mixed sum (both in the case of a hnite 
number and of an inhnite number of summands) deserves further study, 
but we shall not pursue it here. 


Lemma 4.7. Theorem ff.Sf holds when clause (2) there is strengthened 
to 


(2') There is some finite F Q such that if e e C\F, then A^ is convex 
and is contained in some block of j3. 


Proof. By induction on (. 

The result is trivial for C = 0- 

Suppose that (C = (5 + l. If^^G, then the recursive dehnition 13.81 
gives 13 = = Sf + as. By the inductive hypothesis, Sf is a mixed 

sum of (a.y).^< 5 , and can be realized by in such a way that 

(1) from 14.2] and (2') from the present lemma are satished. But then, 
letting As be a copy of and adding A(^ “at the top”, we get that 
realizes (3 = and trivially satishes (1) and (2'). 
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Next suppose that C = 5 + 1 and 6 e G. Then Dehnition 13.81 gives 
13 = = Sf ^ as- Again by the inductive hypothesis, Sf can be 

realized by some sequence which satishes (1) and (2'). In 

particular, is the ordinal S'^. By the remark after Dehnition 

14.51 (3 = Sf ^ as can be realized as a pure mixed sum by A, As, where 
A has order type Sf and As has order type as- Letting ip : Sf ^ A. be 
the order preserving bijection and setting A'^ = ip{A-^), for 7 < h, and 
= As, then clearly (A^y).y<^ is a realization oi j3 = S^. Now condition 
(1) in 14.21 is satished, since, for each e < 6, the construction adds at 
most one element to T^; indeed, the only element which perhaps should 
be added is S. On the other hand, T^ is empty, thus satishes 

( 1 ). As far as ( 2 ') is concerned, we have by the inductive hypothesis 
that {A^)y^s gives a realization of Sf such that ( 2 ') is satished, thus 
there is a hnite F ^ 6 such that if e e S\F, then A^ is convex and 
contained in some block of Sf. By construction, blocks of Sf are sent 
by ip to blocks of A; moreover, since = Sf ^ as is realized as a 
pure mixed sum by A, A^, then every block of A is contained in some 
block of , by Lemma 14.61 Thus if e e S\F, then A^ is contained in 
some block of . Moreover, if £ e S\F, then A^ is convex as a subset 
of A; but then A^ is also convex in since A^ is convex in A, A^ is 

contained in some block of A, and all the blocks of A are convex in S^, 
the realization of being pure. Hence (2') holds at step C by taking 
F' = Fij {h}. 

Suppose now that C is a limit ordinal. If the sequence (Q;.y).y<^ is 
constantly zero from some point on, then the result is immediate from 
the inductive hypothesis. Otherwise, let 7 be given by Theorem 13.71 
By the inductive hypothesis, can be realized by some sequence 
which satishes (1) and (2'). By equation (jl]) in Theorem 13.71 
Ij 7 ^ 7 <C ^ Then the order-theoretical characterization of ^ 

shows that can be represented as a mixed sum of in such 

a way that all the pieces realizing the mixed sum are convex in the 
realization and, moreover, they are disposed in the same order as the 
corresponding a.^’s. If we join the two representations by putting all 
the elements representing above the elements representing , we 
get the ordinal which is equal to /? = 5^, by Corollary 13.101 

This new representation clearly satishes (1); indeed, T^ = 0, if e ^ 7, 
and Tg remains the same of the sequence if £ < 7. Also (2') 

is satished, since the new elements of the representation (those with 
e ^ 7) are all contained in the single block corresponding to hence 
F does not become larger. Notice that could absorb some other 
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blocks (of S^) below it, but, even in case this happens, ui^ absorbs the 
whole of such blocks, hence each for 7 < 7, is contained in a single 
block anyway, in the representation of f3. 

We have hnished the proof of Lemma 14.71 hence of Theorem 14.21 as 
well. □ 

Proof of \4-3\ Since, as we have noticed before, Xi 7 <c W particular 

case of Xi 7 <c W 'when G = (, we get from Theorem 14.21 that Xi 7 <c W 
is a mixed sum of and can be realized in such a way that (1) 

and (2) from 14.21 are satished, hence (3), too, is satished. It remains 
to show that Xi 7 <c ^he largest one among those mixed sums that 
satisfy (3). Again, this is proved by induction on (. 

The result is trivial if C = 0. 

Let C = + 1 be a successor ordinal and let (3' be any mixed sum 

of (a.y).y<^ realized by in such a way that (3) is satished. Set 

A = A^ and suppose that A, as a subset of /3', has order type (3". 
Then, through a suitable bijection, gives a realization of (3", 

and this realization trivially satishes (3), since the original realization 
satishes (3). By the inductive hypothesis, /?" ^ Ss, hence, 
since the pair A, As gives a representation of /3' as a mixed sum of 
[3" and as, we get, by Carruth Theorem and Dehnition 13.11 that 13' ^ 
(3" ^ as ^ Ss A as = S(^. The successor step has thus been proved. 

Let C be a limit ordinal. If the sequence is constantly zero 

from some point on, then the result follows trivially from the inductive 
hypothesis, hence we can suppose that is not eventually zero. 

Let again /?' be any mixed sum of (a 7 ) 7 <c realized by in such 

a way that (3) is satished. Since the sequence is not eventually zero 
and C is a limit ordinal, then, by (3), jS', too, is a limit ordinal. Hence 
it is enough to show that, for every f < 13', we have ^ ^ 5'^. 

So let f < 13', say, f e A^. By (3), the set {7 < C I 7 > £ and b < 
f, for some b e A^] is hnite; enumerate it as 70 ,... ,7 and let Ci = 
A^i n [0, ^), for z = 0,..., n. Setting C = U 7 <£ ^ 7 ; we have that f is 
a mixed sum of C, Cq, ... Cn- For each i, if f3i is the order type of Q, 
then f3i < a^^, since the latter is the order type of A^. and Ci c A^.. 
Moreover, by the inductive hypothesis, if (3" is the order type of C, 
then f3" < S^. Since is a mixed sum of C, Cq, .. .Cn, then, again by 
Carruth Theorem, ^ ^ # /3o # • • • # /dn ^ 5'e # Wo + • • • + Wn ^ ‘S'c, 

where, in order to get the last inequality, notice that, by construction, 
7 o,..., 7n > £, hence the inequality follows from Proposition l3.3f 5L □ 

Notice that the proof also shows that Xj 7 <c W realized in such 

a way that (1) from 14.2] and (2') from 14.71 are satished. 
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5. Invariant infinite natural sums 

The problem of invariance nnder permutations. All the previ¬ 
ous notions and results are dependent on the order in which the a^’s 
appear in the sequence In particular, for ( > u, the value 

of *^7 is generally not invariant under permutations (invariance 
holds, however, for a very special class of permutations, as we shall 
mention in Proposition 15.51 belowh To see that a transfinite sum is 
not necessarily invariant, just take C = a; -I- 1, Oq = 0 and a.y = 1, for 
0 < 7 < a; -I-1, thus *^7 = iv -I-1. On the other hand, if we permute 
oo and that is, we reindex the o-^’s as {(3-y)'y<a}+i by letting (3^ = 1, 
for 0 < 7 < (V and = 0, then we get I] 7 <f (3^ = u ^ u + 1. 

Noninvariance of YT under permutations strongly contrasts with 
[ED, that is, with the case of w-indexed sequences. In fact, essentially 
all the results in ini are independent from the chosen ordering of the 
(Tj’s and some results there do not even mention the ordering. For 
example, in m Theorem 4.7] we proved that the natural sum of an 
ca-indexed sequence of ordinals is the maximum of all the left-finite 
mixed sums of the ordinals in the sequence. Recall the definition of a 
mixed sum from 14.1[ The definition of left-finiteness is recalled in the 
next definition. 

Definition 5.1. A mixed sum [3 of (ctijis/ is left-finite if it can be 
realized by (Ajjisr in such a way that, for every a e (3, the set of all the 
elements smaller than a is contained in the union of a hnite number of 
Ai’s. 

Notice that, in the specific case of an ca-indexed sequence, left- 
finiteness is equivalent to condition (3) in Corollary 14.31 moreover, since 
we are assuming that (^ = u, the condition is independent from the or¬ 
dering of the sequence. Hence Theorem 16.41 can be obtained as a special 
case of Corollary 14.31 Notice also that it is by no means trivial that the 
set of all the left-finite mixed sums of some given oi-indexed sequence 
has a maximum, not simply a supremum. 

A naive approach in search of a generalization of the above men¬ 
tioned Theorem 4.7 from im for, say, a sequence indexed by a set 
of cardinality Ui, would be to restrict oneself to left-countable mixed 
sums, that is, asking that, for every element a e (3, the set of all the 
elements smaller than a is contained in the union of countably many 
A..y’s. Here and below, by countable we mean either finite or denumer- 
ably infinite. However, fixed an wi-sequence of ordinals, the set of the 
left-countable mixed sums of the sequence might not have a maximum. 
Just take = Wi, for j < u, and = 1, for a; ^ 7 < Ui. Every 
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ordinal of the form a;i£, for 0 ^ e < cni, is a left-count able mixed sum of 
but this is not the case for the supremum of the above values, 
i. e., ojI- If £ > a;, then in the above example we can even realize the 
left-countable mixed sum in such a way that all pieces are convex. 

The above example suggests that it will be difficult, or perhaps im¬ 
possible, to find some natural infinitary generalization of the Hessen- 
berg sum for sequences indexed by a set which is not supposed to be 
(well-)ordered; or, put in another way, that the countable case of the 
inhnitary natural sum is very special and, usually, results do not gen¬ 
eralize to uncountable cardinals. In this respect, see also the remarks 
on [VWl p. 370] and our review [L2] of |VWj . In particular, it seems 
difficult to hnd some inhnitary operation (on uncountably many argu¬ 
ments) which has some good purely order-theoretical characterization 
and which does not rely on the ordering of the sequence. See, how¬ 
ever, |L4] for a possible alternative approach to the problem. Notice 
that, on the other hand, when the sequence is well-ordered. Corollary 
14.31 provides such an order-theoretical characterization for the iterated 
natural sum of Dehnition 13.11 

Some invariant snms. Since, in general, by the above example, it is 
probably not always possible to hnd some kind of “maximal sum”, we 
can at least dehne some minimal ones (which, by the very dehnition, 
will turn out to be automatically invariant under permutations). 

Definitions 5.2. Suppose that Q is an ordinal and is a sequence 

of ordinals. Dehne 

# 

(x^ = inf ^ 

7<C " ^<c 

where tt varies among all the permutations of C- By a permutation of ( 
we mean a bijection from ( to C- Notice that in the above dehnition we 
are keeping ( hxed. Allowing ( to change, we generally obtain diherent 
results; for example, if = 1 , for every 7 , then Xi 7 <c = 27 <c *^7 ^ 
C, for every C,. In the next dehnition, on the contrary, we let the ordinal 
vary. 

Suppose that / is any set and («*)*£/ is a sequence of ordinals. Dehne 

# 

= inf Xj D) 

iei 

where C varies among all the ordinals having cardinality |/| and / varies 
among all the bijections from C, to I. In this situation, we shall call / 
a rearrangement of the sequence. 
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Furthermore, let A = |/| and define 

# 

#* a* = inf 2 «/(7) 

^ 7<A 

where / varies among all the bijections from A to I. 

The difference between ^ and 7 ^* is that in ^ we consider rearrange¬ 
ments into a sequence of arbitrary length, while in ^ we consider only 
rearrangements into a sequence of length |J|. On the other hand, in 
^ the length of the sequences is assumed to be fixed. 

For every /, trivially, a* and if |/| = |C| and («*)*£/ 

is a rearrangement of (a!.y).y<^, then < '^ 7 <c ® 7 - f^f course, we 

could have written the above inequality simply as «7 < ^ 7 <c *^ 7 ’ 
with no need of introducing rearrangements, since an ordinal is, in 
particular, a set. However, it seems clearer to use a letter such as / 
for a set on which no particular order is defined, and we shall usually 
obey this convention. Though, as just mentioned, ^ is always ^ than 
both and ’, on the other hand, in general, there is no provable 
inequality between ^ and ^ . Indeed, if a..,, = 1, for every 7 < a; -I-1, 
then a^ = uj<uj + l = 01^ ■ In the other direction, we 

shall show in the last sentence in Example 15.31 that can be strictly 
smaller than ^ . 

In any case, all the above operations coincide for w-indexed se- 
qnences. If C = |/| = a; and («*)*£/ is a rearrangement of (Q; 7 ) 7 <a;, 
then 

# 

( 6 ) ^ ^ ai = ^ ai 

7<a; iGl iGl 

This shows that the notation in Definitions 15.21 is consistent both with 
[VWj and with [Llj . The first two identities in ([ 6 ]) follow from [VWl p. 
362] or |L11 Proposition 2.4(5)], to the effect that the a;-indexed natnral 
sum is invariant under permutations, a fact which shall be generalized 
in Proposition 15.51 below. Notice that invariance of Xi 7 <a; *^7 under per¬ 
mutations is also an immediate consequence of the order-theoretical 
characterization given in |Lll Theorem 4.7] and mentioned in the pre¬ 
ceding snbsection. The last identity in ([ 6 ]) shall be proved in Proposi¬ 
tion [5]4] below. Before giving the proof, we provide a counterexample 
that shows the reason why the proof is not entirely trivial. 

Example 5.3. It is somewhat snrprising that it is possible to have the 
strict ineqnality T^jgj a;* < a, in case / is nnconntable. This is 
somewhat counterintuitive, since, allowing a longer sequence, we might 
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get a smaller outcome. Let |/| = wi, ai e for i e I, \{i e I \ 

Qfj = 1}| = oji and |{z e J I Uj = a;i}| = oj. For every bijection 

/ : A —> /, we have ^ + 1), in fact, we already have 

'll'y<\^f{'r) ^ + 1). Recall that sums and products are always 

intended in the ordinal sense. Thus ^ ui{u + 1), in fact, 

ai = a;i(a; + 1), the example giving the reverse inequality being 

easy. 

However, = uiu. Indeed, let = ui + u, (3^ = 1, for 

7 < ioi, and (3^ = cui, for wi ^ 7 < Wi + w. Then = 

Yj'y<w-i_+Lj 1^1 = UlU. Since the (3^^s are a rearrangement of the ads, we 

get ai ^ UiU. The reverse inequality is obvious. 

Notice that we have also showed that iKf<un_+u] < u:i{u: + 

1) = #lG/«n 

Similar counterexamples are well-known, when corresponding dehni- 
tions are considered relative to the usual ordinal sum ^ in place of ■ 
See Rado E. in particular, p. 219 therein, where a counterexample is 
given even in the countable case. It is quite interesting that, on the 
other hand, the natural sum is immune to such counterexamples, as 
far as countable sums are taken into account. 

Proposition 5.4. If \I\ < uj, then ai = ^i^jCti. 

Proof. If / is hnite, the dehnitions are clearly the same, so let |/| = uj. 
As we mentioned above, the inequality ffi^j ai < H^i^i oii is trivial; 
moreover, ffY ai = Y^<uj '^71 every rearrangement of the ads into 
a sequence of length u. We have to show that if C is a countably inhnite 
ordinal and {(3i)5<c_ is another rearrangement of the ads, this time into 
a sequence of length C, then “7 ^ I]f<c ^'5- 

Let ^ be the smallest ordinal such that {f e J | a* ^ u^} is hnite. 
Enumerate those ads such that a^ ^ o;^ as ajg,..., a^^ (the sequence 
might be empty). If ^ = 0, then all but a hnite number of the ads 
are zero and the result follows easily from the hnite case (e. g., use 
Proposition I3.3f 4)). If ^ > 0, then equation ( 6 ) in |L11 Corollary 5.1] 
gives ai = Y*<ui ^7 = # • • • # a/f # oj^ (recall the dehnition 

of al^ given right before Proposition 12.2p . 

Turning to the rearrangement {f3s)s<c, let (3^^,..., (3^^, with Aq < 

• • ■ < A/i, be an enumeration of those 13s s such that (3s ^ UJ^ (of 
course, (3sq, ..., f3sf^ is a rearrangement of ai^,..., a^). Now the proof 
splits into two cases. First, suppose that ^ is a successor ordinal, say, 
-f 1. Then, by the very dehnition of there are inhnitely many 
(3s^s such that oj^ > (3s ^ uo^ ■ Hence we can choose a subsequence of 
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(/9(5)<5<C of order type uj and consisting of elements ^ uj^' and < co^. 
Define another sequence obtained from {I3s)s<( by leaving un¬ 

changed the values of the elements of the above subsequence, by leaving 
unchanged the values of j3so, ■ ■ ■, > ^.s well, and turning to 0 all the 

other values. By Proposition I3.3lf 2). ^ Proposi¬ 
tion [33^4), = Y^<Lj+kl^e) where {j3")e<i^+k is the subsequence 

of the nonzero /d^’s, thus k is hnite. Then, applying again ILH Corol¬ 
lary 5.1], we get, for some j ^ h (in fact, j is such that j + k = h), 


Zi<5<C ^ '^e<u}+k f^e ~ f^So # • • • # f^Sj # # /^'5j+i # • • • # 

Pi !+• • •+/5if+ • • -*^1! = «!o + • • •= I] 




* a 

7<tj '^7’ 


what we had to show. 

The case when ^ is limit is similar. This time, choose some subse¬ 
quence of (i3s)s<( of type u in such a way that, for every there 

is some element of the subsequence which is ^ cj^ and < (notice 
that if ^ is limit, then necessarily ^ has cohnality u). 

All the rest goes the same way. □ 


Notice that the counterexample in 15.31 shows also that is not 
invariant under extending a sequence by adding further O’s, while ^ is 
indeed invariant in this sense. More formally, if (ai)iei is a sequence of 
ordinals, J ^ I and we set ai = 0, for i e J\I, then ai = cti, 
as a consequence of Proposition 13. 3f 4). The analogous identity fails for 
^ . Just consider the sequence (a:i)ig/ from 15.31 and let | J| ^ U 2 . Then 
the arguments in 15.31 show that a* = uji{u + 1) 7 ^ Wio; = ai. 

The above remark suggests that ^ is perhaps a more natural oper¬ 
ation than ^ . 


Invariance in special cases. As promised, we now show that is 
invariant under a special class of permutations. First, a dehnition is 
in order. If C is an ordinal, let us call a subset A oi C, a. component 
of C if ^ has either the form [a, a + u) or [a, C), where in both cases 
either a = 0 or a is a limit ordinal. Thus the components partition 
C. Of course, there is just one component of the kind [a;,C); all the 
others have length u. With the above dehnition, we can show that 
is invariant under the (somewhat special kind of) permutations which 
act on each component. Moreover, a form of the general associative- 
commutative law holds in some special cases, to the effect that, besides 
performing the above kinds of permutations, we can associate sets of 
finitely many elements inside the same component. 


Proposition 5.5. (1) If tt is a permutation of f such that t^{C) = C, 
for every component C of then I] 7 <f *^7 = I] 7 <(^ a 7 r( 7 ) ■ 
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(2) More generally, suppose that {Fh)h<c' ® partition of Q such that 

(a) each Fh is finite, say, Fh = {6i,..., 6r(h)}, 

(b) each F^ is a subset of some component Ch of (, 

(c) the Fh’s are ordered in such a way that if Ch occurs before Ch' 
in (, then h < h'; that is, the ordering of the Fh’s respects 
the ordering of the components, but, inside a component, the 
ordering of the Fh’s can be arbitrary. 

Then 

# # # 

7<C h<(' h<C 

Proof. The proposition has an elementary proof similar to ILll Propo¬ 
sition 2.4(5)(6)]. 

The proposition can be given also an order-theoretical proof, using 
Corollary 14.31 As far as (1) here is concerned, just notice that hniteness 
of the sets in I4.3r 3) is preserved under the permutations at hand. 

As for (2), let fih = «<5; for h < Then, applying Corollary 

l4.3l to we get a mixed sum of the fih^ which satishes condition 

I4.3f 3b Expanding the fihS using Carruth’s theorem (this is possible by 
(a)), we get a mixed sum of the Q;.y’s, and this sum satishes ITST di. by the 
assumptions (b) and (c). Thus, by Corollary 14.31 Xi 7 <c *^7 ^ 1jt<c 

Conversely, apply Corollary 14.31 to Xi 7 <c '^ 7 - ^ mixed sum given 
bv 14.31 for each 6 e Fh, join together As^^, As^,... and call Bs 

this union. Again by Carruth theorem and (a), the order type /3'^ 
of Bs is ^ fih = ^SePh Since the Bs's realize a mixed sum of 

the (3'fs, and this realization satishes I4.3f 3). by (b) and (c), we get 
«7 < l3'h ^ SLc' by Corollary US] and Proposition 

10(2). □ 

Problems 5.6. (a) The iterated natural sum can be extended to the 
surreal numbers, in a way we are going to explain soon. See Conway 
[Co] for details about surreal numbers and, e. g., Siegel |Sieg| for an 
updated list of references. A surreal number s can be thought of as an 
ordinal-indexed string consisting of -1- and —’s; this is called the sign 
expansion of s. The ordinals can be considered as a substructure of 
the surreals; in this sense, an ordinal is a surreal having only -t-’s in its 
sign expansion. The surreal sum, when restricted to the ordinals, does 
correspond to the ordinal natural sum. One can also dehne the limit of 
a transhnite sequence of surreals; see Mezo [M] and |L3] . Roughly, the 
limit of an ordinal-indexed sequence of surreals is the longest string s 
such that every initial segment of s is eventually coincident with the 
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corresponding (possibly improper) initial segments of the members of 
the sequence (we are allowing the length of s to be a successor ordinal, 
in which case s is required to be eventually an initial segment of the 
members of the sequence). Notice that the limit s might be much 
shorter than the superior limit of the lengths of the members of the 
sequence, actually, s can be the empty sequence! Then Dehnition 13.11 
extends to the surreals. See |L3] for full details. 

Which results from the present paper and from CD generalize to 
this surreal iterated sum? 

(b) Conversely, an ordinal sum can be dehned within the surreals. In 
the sense of string expansions, it corresponds to string concatenation; 
see Conway |Col Chapter 15, p. 193]. It can be obviously iterated 
through the transhnite. Which results about transhnite ordinal sums 
(of ordinals) do generalize to the surreals? 

Most of the problems which follow can be extended to the surreals, 
too. 

(c) Though, in general, the iterated natural sum from 13.11 is 
not invariant under permutations, one might ask for which sequences 
(tt.y).Y<^ of ordinals the sum Xi 7 <c *^7 turns out to be indeed invari¬ 
ant under permutations. The corresponding problem for the usual 
transhnite ordinal sum has been studied, see Hickman EZl and fur¬ 
ther references there. Of course, for the iterated natural sum this kind 
of “generalized commutativity” is a much more frequent phenomenon, 
since it holds for all hnite and w-indexed sequences. 

(d) In particular, under which conditions (on an ordinal-indexed se¬ 
quence of ordinals) do some of the operations 7^* uud X! 

give the same outcome? One can also take into account the operations 
2"^! 2* und X!*! which are dehned as in Dehnitions 15.21 by replacing 
everywhere by X! (2* corresponds to ^). The operation has 
been studied quite thoroughly, see, e. g., Rado [Rj, Anderson |An2j . 
Notice that sometimes in the literature the word permutation is used 
to mean what we call here a rearrangement. As we mentioned, Rado 
El p. 219] shows that and might give diherent outcomes. On 
the other hand, the operation 2°, when the index set is not a cardinal, 
seems to have received less attention. 

(e) Of course, there is a more general formulation of Problem (c) 
above, asking how many values assumes when we permute (or, 
more generally, rearrange) the elements of some given sequence. In 
the case of X! fbe corresponding problem has been studied; see, e. g., 
Sierpihski |Sierlj . Ginsburg [G], Hickman |H1] . Komjath E] fur¬ 
ther references in these papers. 
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(f) The fact that we do not always have “maximal sums” for ^ i- 
e., that some suprema are not necessarily attained, leaves out the pos¬ 
sibility of the existence of maximal sums for special kinds of sequences. 
For 2 this has been studied; see Dushnik m and Anderson |Anl] . 

(g) Study transhnite natural products dehned in the same vein as of 
Dehnitions 13.1113.81 and |5.21 Ideas from Altman m might be relevant 
to the problem. Here order-theoretical characterizations will be proba¬ 
bly much harder to come by. All the problems above can be asked for 
inhnite natural products, too. 

For some properties of ordinary (not “natural”) transhnite products 
see [Siei^ XIV, 17] and 0 III, & 10]. 

(h) By applying the characterization of given in Corollary 

14.31 one can surely rephrase Dehnitions 15.21 in order to provide order- 
theoretical characterizations of ^ and ^*. Such characterizations 
appear muddled, complicated and far from being useful. Are there 
simpler and more useful order-theoretical characterizations of 

#*? 


6. Notions of size for well-founded trees 

Wang and Vaaniinen and Wang |VW] dehned notions of size 
for an ^t^;-formula in negation normal form. Recall that Cuji,uj is 
the extension of hrst-order logic in which countable disjunctions and 
conjunctions are allowed. Since a (possibly inhnitary) formula can 
be viewed as a labeled well-founded tree and Vaananen and Wang’s 
dehnition depends only on the tree structure, not on the labels, they 
implicitly give dehnitions of size for countable well-founded trees (to be 
pedantic, for those trees arising from (^-formulas in negation normal 
form; notice also that, in the dehnition of size from |VW] . negating an 
atomic formula does not augment size). By extending their ideas and 
using Dehnitions 15.21 we can provide notions of size which apply to 
every well-founded tree, not only to countable ones. 

Here we intend a tree in the classical set-theoretical sense but we shall 
describe it in terms of the reversed order. A (reversed) well-founded 
tree is a well-founded partially ordered set (T, <) such that, for every 
t E T, the set of all successors of t is hnite and linearly ordered. By, 
e. g., [Jil Theorem 2.27], every element t of a well-founded partially 
ordered set has a well-dehned rank the rank of t is the smallest 
ordinal which is strictly larger than all the ranks of the predecessors 
of t. This justihes inductive dehnitions on ranks. Ranks go the other 
direction with respect to levels] maximal elements are at level 0 but if 
the tree has just one maximal element (the root) this is the element of 
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largest rank. When the order < is nnderstood, we shall simply write 
T in place of (T, <). 

Definition 6.1. If T is a well-fonnded (reversed) tree, then, for every 
t e T, we dehne the size a(t) of t by indnction on the rank of t as 

*^(0 = {^ueP{t) '^('^) j where P{t) is the set of all the immediate 
predecessors of t. In particular, minimal elements of T have size 1. 

The size ct{T) of T is (j{T) = where M is the set of the 

maximal elements of T. In particular, if T has a unique root, then 
cr(T) is the size of the root of T. 

Notice that when T is hnite the above dehned size gives the cardi¬ 
nality of T (the number of its nodes). 

Similar dehnitions can be given using 7 ^° or in place of 7 ^. 

In particular, since a formula of a (possibly inhnitary) logic can be 
seen as a (labeled) well-founded tree, the above dehnition furnishes a 
possible dehnition of size for a formula. 

The size of a countable well-founded tree can be given an order- 
theoretical characterization, as we are going to show, after some pre¬ 
liminary dehnitions. 

If (T, <) is a partially ordered set and f e T, we let = {u e T | n < 
t}. We shall frequently consider another order on T; usually will 
be an extension of that is, u ^ t implies u t for every u,t e T. 
In the above situation, we shall denote the set {u e T \ u t} by I't. 

Definition 6.2. If (T, <) is a partially ordered set, we say that is 
a downward-finite extension of ^ if is an extension of ^ and, for 
every v e T, there are a hnite number uq, .. .Un oi elements of T which 
are ^-incomparable with v and such that I'v c u [uq u ■ ■ ■ u 

If < is understood, we shall simply say that is downward hnite. 

It is well-known that every well-founded partial order can be ex¬ 
tended to a well-order. However, even in the case of a well-founded 
tree, the order-types of extensions might be unbounded; just consider 
an inhnite antichain C. It has well-ordered extensions of every order- 
type having cardinality |C|, and the supremum of these order-types is 
|C'|'^, which is not attained. 

On the other hand, we are going to show that a maximum extension 
exists if we restrict ourselves to downward-hnite well-ordered exten¬ 
sions of countable well-founded trees; moreover, the order-type of this 
extension is exactly the size of the tree, as introduced in Dehnition 
16.11 In our opinion, this result shows the naturalness (at least in the 
countable case) both of the dehnition of ^ and of the above notion of 
size for a well-founded tree. 
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Theorem 6.3. //(T, <) is a countable well-founded (reversed) tree, 
then < has a downward-finite extension which is a well-order of type 

Moreover, every downward-finite well-order extending < has order- 
type less than or equal to 

The proof of Theorem 16.31 proceeds through several lemmas. We hrst 
recall a result from ini Theorem 4.7], which has been mentioned in 
the previous section and which we shall repeatedly use here. Recall the 
dehnition of a mixed sum from 14.11 and the dehnition of left-hniteness 
from 15.11 Recall from equation ((61) that, for w-indexed sequences, fif 
has many equivalent reformulations. 

Theorem 6.4. If is a sequence of ordinals, then is the 

largest left-finite mixed sum of 

As we mentioned in the previous section. Theorem 16.41 can be ob¬ 
tained also a consequence of Corollary 14.31 

Lemma 6.5. Suppose that (T, <) is a countable well-founded tree and 
M is the set of the maximal elements ofT. Furthermore, suppose that, 
for every u e M, is a well-ordered downward-finite extension o/< 
in lu, and let be the order-type of Then < has a well-ordered 
downward-finite extension of order-type Moreover, is 

such that is equal to for every u e M. 

Proof. By Theorem 16.41 «« is a left-hnite mixed sum of {au)ueM- 

Through the bijections from to given by each of the orders we 
can use a realization of as a left-hnite mixed sum of 

to construct a well-order on T of type (notice that T = 

Uuem since the set of successors of each element of T is hnite, hence 
each element of T is < u, for some u e M). The order is such that 
is equal to for every u e M. Moreover, has the following 
property. 

(*) For every v e T, the set {u e M \ w v, for some w ^ u} is 
hnite. 

(this is the “translation” of left-hniteness to the new situation, since 
w E lu if and only if tc < u). 

Moreover, extends since, by assumption, for every u e M, the 
order extends < f and since, for u u* e M, all the elements from 
[u are ^-incomparable with all the elements from [u*. 

Hence it remains to show that is a downward-hnite extension of 
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So let V E T, hence v e [u, for some u e M. Since is a downward- 
finite extension of there are elements Vo,...Vn e iu which are 

^-incomparable with v and such that I'^v c u juo u • • • u J,n„, where, 
obviously, i'^v is computed using in [u, and, since v, vq, .. .Vn ^ iu, 
then applying J, to n, uq, • • • gives the same result whether computed in 
or ill (T, ^), hence the notation is not ambiguous. Similarly, 
the incomparabilities of v and vq, etc., are equivalently evaluated using 
or <. 

By (*), and now working in T, there are finitely many elements 
Uq, ■ ■ ■, Um in M such that ["v c juu IuqU • • • u [um- Of course, we can 
assume that Uq ^ u, ..., ^ u, hence the u/i’s are ^-incomparable 

with V, since v ^ u, since the set of all the successors of v is linearly 
ordered and since, for each index h, we have that u and UhS are distinct 
maximal elements of T, hence incomparable. Now, l"v n ju = I'^v, 
since is equal to which extends in ju. In conclusion, 
["v ^ U iuo iUm C U iuo U iuo U iUm, 

with uo,..., Vn, uo,... ,Um all ^-incomparable with v, what we had to 
show. □ 

Lemma 6.6. If (T, is a countable well-founded tree, then, for every 
t E T, the restriction of ^ to has a well-ordered downward-finite 
extension of order-type cr(f). 

Proof. The proof is by induction of p{t). 

The base step p{t) = 0 is trivial, since in this case \it\ = 1 = cr(t). 

Suppose that p{t) > 0 and that the lemma holds for every u eT with 
p{u) < pit). In particular, the lemma holds for every u e Pit), where 
Pit) denotes the set of all the immediate predecessors of t. Thus, for 
every u e Pit), has a well-ordered downward-finite extension 
on iu of order-type (t(m). 

Let T* = {v E T \ V < t}. Notice that T* = (Jmepp) since the 
elements of P(f) are the immediate predecessors of t and, if n < t, then 
V ^ u, for some u e Pit), since, by the definition of a well-founded 
tree, the successors of v form a finite linearly ordered set. 

We can now apply Lemma 167^ to T*, getting a well-ordered downward- 
hnite extension of ^ on T* in such a way that has order-type 
H^ueP{t) (^iu). 

But then can be obviously extended to an order on the whole 
of it by putting t on the top. Trivially is a well-ordered downward- 

finite extension of and has order-type (^ifueP{t) + 1 = 

ait). 


□ 
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Proof of the first sentence in Theorem \6.,‘A If T has only one root, then 
the result is immediate by applying Lemma [6.61 to this unique root. 

The general case follows from the previous case and Lemma 16.51 □ 

Lemma 6.7. Suppose that (T, <) is a countable well-founded tree, M is 
the set of the maximal elements ofT and is a well-ordered downward- 
finite extension of <. 

If a is the order-type of and, for u e M, Uu is the order-type of 
in lu, then a is a left-finite mixed sum of the au’s. 

Proof. Since T = 1J«sm then a is obviously a mixed sum of the 
ctu’s. Indeed, if ip is the bijection from T onto a induced by then, 
dehning Au = p{lu), for u e M, we get that {Au)ueM is an appropriate 
realization of a. 

It remains to show that {Au)uem is a left-hnite realization, but this 
follows easily from the assumption that is a downward-hnite exten¬ 
sion of <. Indeed, for every v e T, there are elements uq, .. e T 
such that I'v c u juo u • • ■ u But v ^ u, for some (actually, 
a unique) u e M; similarly, uq ^ no, for some uq e M, etc. Hence 
i'v c jt, u |no u ■ ■ ■ u [Vn c u jno u ■ ■ ■ u |n„ (repetitions are 
possible, but they cause no trouble). 

Thus if a e a and a = p{v), then the set of the elements smaller 
than a in a is contained in the hnite union A^ u u ■ ■ ■ u Au^. Since 
p is surjective, this holds for every a e a, that is, the realization is 
left-hnite. 

Notice that in the above proof we do not need the assumption that 
the u/i’s are ^-incomparable with v. □ 

Lemma 6.8. Suppose that (T, ^) is a countable well-founded tree and 
is a well-ordered downward-finite extension of Then, for every 
t E T, the restriction ^ of to it has of order-type < cr(t). 

Proof. By induction of pit). 

The base step pit) = 0 is trivial, since in this case |J,t| = 1 = crit). 

Suppose that pit) > 0 and that the lemma holds for every u e T 
with p{u) < pit). In particular, the lemma holds for every u e P{t), 
where P{t) is the set of all the immediate predecessors of t. Thus, for 
every u e P{t), if is the order-type of then au < cr(u). 

Letting T* = (v e T j v < t}, we have that is a well-ordered 

downward-hnite extension of since, by the very dehnition of it, 

t is comparable with every element of it, and comparable elements are 
not allowed in the dehnition of a downward-hnite extension, Dehnition 
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Since, as we noticed in the proof of I6.6[ T* = UueP(P then we 
can apply Lemma [6?71 Hence, if a is the order-type of then a 

is a left-hnite mixed sum of (an)usP(p- Since < cr^u), for every 
u e P{t), and using Theorem 16.41 and Proposition I3.3f 2). we get a < 
i^ueP{t) ^ i^ueP{t) Clearly, the order-type of < is a -I- 1 and 

we are done, since, by above, a -I- 1 ^ (^i^ue p(t)^(«)) + 1 = n 

Proof of the last sentence in Theorem, \6.tA If T has only one root, the 
result is immediate from Lemma 16.81 

The general case follows from the previous case. Lemma 16.51 and 
again Theorem 16.41 □ 

Acknowledgement. We thank an anonymous referee of imi for many in¬ 
teresting suggestions concerning the relationship between natural sums 
and the theory of well-quasi-orders. We thank Harry Altman for stim¬ 
ulating discussions. 

Disclaimer. Though the author has done his best efforts to compile the 
following list of references in the most accurate way, he acknowledges 
that the list might turn out to be incomplete or partially inaccurate, 
possibly for reasons not depending on him. It is not intended that 
each work in the list has given equally signihcant contributions to the 
discipline. Henceforth the author disagrees with the use of the list 
(even in aggregate forms in combination with similar lists) in order to 
determine rankings or other indicators of, e. g., journals, individuals 
or institutions. In particular, the author considers that it is highly 
inappropriate, and strongly discourages, the use (even in partial, pre¬ 
liminary or auxiliary forms) of indicators extracted from the list in 
decisions about individuals (especially, job opportunities, career pro¬ 
gressions etc.), attributions of funds, and selections or evaluations of 
research projects. 

This is a preliminary version, it might contain inaccuraccies (to be 
precise, it is more likely to contain inaccuracies than planned subse¬ 
quent versions). We have not yet performed a completely accurate 
search in order to check whether some of the results presented here 
are already known. Credits for already known results should go to the 
original discoverers. The above applies in particular with respect to 
Section [6l 


References 


[Al] H. Altman, Intermediate arithmetie operations on ordinal numbers, 
arXiv:1501.05747, 1-16, 2015. 













SOME TRANSFINITE NATURAL SUMS 


29 


[Anl] J. A. H. Anderson, The maximum sum of a family of ordinals, in Cambridge 
Summer School in Mathematical Logic (1971), 419-438, Lecture Notes in 
Math. 337, Springer, Berlin, 1973. 

[An2] J. A. H. Anderson, The minimum sum of an arbitrary family of ordinals, J. 

London Math. Soc. (2) 7 (1974), 429-434. 

[B] H. Bachmann, Transfinite Zahlen, Zweite, neubearbeitete Auflage, Ergebnisse 
der Mathematik und ihrer Grenzgebiete, Band 1, Springer-Verlag, Berlin- 
New York, 1967. 

[Ca] P. W. Carruth, Arithmetic of ordinals with applications to the theory of or¬ 
dered Abelian groups, Bull. Amer. Math. Soc. 48 (1942), 262-271. 

[Co] J. H. Conway, On numbers and games, London Mathematical Society Mono¬ 
graphs No. 6., Academic Press, 1976 (Second Edition, 2001). 

[D] B. Dushnik, Maximal sums of ordinals, Trans. Amer. Math. Soc. 62, (1947), 
240-247. 

[G] S. Ginsburg, On the distinct sums of X-type transfinite series obtained by 
permuting the elements of a fixed X-type series, Eund. Math. 39 (1952), 131- 

132. 

[HI] J. L. Hickman, Some results on series of ordinals, Z. Math. Logik Grundlagen 
Math. 23 (1977), 1-18. 

[H2] J. L. Hickman, Commutativity in series of ordinals: a study of invariants, 
Trans. Amer. Math. Soc. 248 (1979), 411—434. 

[Ja] E. Jacobsthal, Zur Arithmetik der transfiniten Zahlen, Math. Ann. 67 (1909), 
130-144. 

[Je] T. Jech, Set theory. The third millennium edition, revised and expanded. 
Springer Monographs in Mathematics. Springer-Verlag, Berlin, 2003. 

[K] P. Komjath, Rearranging transfinite series of ordinals. Bull. Austral. Math. 
Soc. 16 (1977), 321-323. 

[LI] P. Lipparini, An infinite natural sum, Math. Log. Quart. (2016) 62, 249-257. 
[L2] P. Lipparini, Review of [VW] . Zbl 1300.03020 (2014). 

[L3] P. Lipparini, A surreal limit, arXiv: 1603.09289 

[L4] P. Lipparini, Another infinite natural sum, in preparation. 

[M] 1. Mezd, Convergence on Surreals, arXiv:1210.5675, 1-4, 2012. 

[R] R. Rado, The minimal sum of a series of ordinal numbers, J. London Math. 
Soc. 29 (1954), 218-232. 

[Sieg] A. N. Siegel, Combinatorial game theory. Graduate Studies in Mathematics 
146, American Mathematical Society, Providence, RI, 2013. 

[Sierl] W. Sierpihski, Sur les series infinies de nombres ordinaux. Fund. Math. 36 
(1949), 248-253. 

[Sier2] W. Sierpihski, Cardinal and ordinal numbers. Second revised edition, Mono- 
grafie Matematyczne, Vol. 34, Panstowe Wydawnictwo Naukowe, Warsaw 
1965. 

[VW] J. Vaananen, T. Wang, An Ehrenfeucht-Fraisse game for ACunuj, MLQ Math. 
Log. Q. 59 (2013), 357-370. 

[W] T. Wang, An Ehrenfeucht-Fraisse game for .Xfuiiui, MSc Thesis, Universiteit 
van Amsterdam, 2012. 




30 


PAOLO LIPPARINI 


Doppiomento di Matematica, Viale della Ricerca Scientifica, II Uni- 
VERSiTA DI Roma (Tor Vergata), 1-00133 ROME ITALY 
URL: http://www.mat.uniroma2.it/~lipparin 



